FOUNDATIONS FOR AN ITERATION THEORY OF ENTIRE 

QUASIREGULAR MAPS 
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Abstract. The Fatou- Julia iteration theory of rational functions has been 
extended to quasiregular mappings in higher dimension by various authors. 
The purpose of this paper is an analogous extension of the iteration theory of 
transcendental entire functions. Here the Julia set is defined as the set of all 
points such that complement of the forward orbit of any neighbourhood has 
capacity zero. It is shown that for maps which are not of polynomial type the 
Julia set is non-empty and has many properties of the classical Julia set of 
transcendental entire functions. 



1. Introduction and main results 

In 1918-20, Fatou [13] and Julia [20] wrote long memoirs on the iteration of 
rational functions and thereby created the field now known as complex dynam- 
ics. The analogies (and differences) that arise in the corresponding theory for 
transcendental entire functions were studied by Fatou [15] in 1926. 

Many of the results of the Fatou- Julia theory for rational functions, consid- 
ered as self-maps of the Riemann sphere S"^, have been extended to uniformly 
quasiregular self-maps of the n-sphere S"" where n > 2 by Hinkkanen, Iwaniec, 
Martin, Mayer and others; see [191 Chapter 21], [351 Chapter 4], and [H Sec- 
tion 4] for surveys. Here a quasiregular map /: S""" — >■ 5"" is called uniformly 
quasiregular if there exists a uniform bound on the dilatation of the iterates /^^ 
of /. (We will recall the definition of quasiregularity, in particular the notions 
of dilatation and inner dilatation, in section [2l) In principle, it would also be 
possible to extend some of Fatou's results about transcendental entire functions 
/: C — )■ C to uniformly quasiregular maps /: M" — M" where n>2. However, 
for n > 3 no examples of such maps with an essential singularity at oo are known 
yet. 

On the other hand, the iteration of quasiregular analogues of the exponential 
function (called the Zorich map) and the trigonometric functions were studied 
in [3 El [IB] • Also [n] contains a general result about the escaping set 

I{f) = {x G M" : fix) ^ oo as A; ^ cx)} 

of a quasiregular map /: M" — )■ M". 

However, no systematic theory in the spirit of Fatou and Julia has been de- 
veloped yet for quasiregular self- maps of M". It is the purpose of this paper to 
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do precisely this. Here we build on which is concerned with a Fatou- Julia 
theory for (non- uniformly) quasiregular self-maps of S"". The results in are in 
turn inspired by results of Sun and Yang [381 EHl SO] dealing with the case n = 2. 

We call quasiregular self-maps of M"" entire quasiregular maps. Such a map 
/ is said to be of polynomial type if lim^^^oo |/(3;)| = c>o and of transcendental 
type if lima,_j,oo |/(a;)| does not exist. Here and in the following \y\ denotes the 
Euclidean norm of a point y G M". 

The iteration of entire quasiregular maps of polynomial type was studied 
in [TB] . Such maps extend to quasiregular self- maps of the one-point-compactifi- 
cation M" U {oo} of M", which we identify with the ra-sphere via stereographic 
projection. Hence entire quasiregular maps of polynomial type are also covered 
by the results in [7j. Thus we will mainly restrict to entire quasiregular maps of 
transcendental type. 

The capacity of a condenser, and the distinction between sets of positive capac- 
ity and sets of zero capacity, plays an important role in the theory of quasiregular 
maps; see section [2] for the definitions. We write capC = if C is a set of capac- 
ity zero and cap C > otherwise. The following definition is the same as in [H 
Definition 1.1.]. 

Definition 1.1. Let /: M" — )• be quasiregular. Then the Julia set J{f) of / 
is defined to be the set of all x G such that 



for every neighbourhood U of x. 

It was shown in [7] that if / is of polynomial type and the degree of / is larger 
than the inner dilatation of /, then J{f) is not empty and has many properties 
of the classical Julia set. Also, with this hypothesis the above definition agrees 
with the classical one for uniformly quasiregular maps and thus in particular for 
polynomials. These results also hold in the current setting: 

Theorem 1.1. Let f be an entire quasiregular map of transcendental type. Then 
J{f) ^ 0. In fact, card J(/) = oo. 

Here cardX denotes the cardinality of a set X. 

Theorem 1.2. Let f : C C be a transcendental entire function. Then the 
classical definition of J{f) using non-normality agrees with the one given in 
Definition 

As in the classical case, it is easily seen that J{f) is completely invariant; that 
is, f{x) G J{f) if and only if a; G J(/). We also note that if 0: ^ M" is a 
quasiconformal homeomorphism and g = (f) o f o (f)~^, then J{g) = (j){J{f)). 

Besides the escaping set /(/) we also consider the set 



of points with bounded orbits. For polynomials this set is called the filled Julia 
set and is usually denoted by K{f), but we reserve the notation K{f) for the 



(1.1) 




BO{f) = {xeW : if^x)) is bounded} 
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dilatation. For polynomials and transcendental entire functions we have [T2] 

J(/) = dl{f) = dBOif). 

This does not hold in the present context, as Examples 17.31 and 17.41 will show 
that we may have {dl{f) fl dBO{f))\J{f) ^ 0. However, we have the following 
result. 

Theorem 1.3. Let f be an entire quasiregular map of transcendental type. Then 

J{f)cdiif)ndBO{f). 

One ingredient in the proof of Theorem 11.31 is the following result of indepen- 
dent interest. 

Theorem 1.4. Let f be an entire quasiregular map of transcendental type. Then 
cap50(/) > 0. 

Theorem 1 1 . 31 follows from Theorem 11.41 together with the result of [9J that /(/) 
contains continua, implying that capJ(/) > 0; cf. Lemma [2. 121 and the remark 
following it. 

Even for entire functions in the complex plane, BO{f) need not contain con- 
tinua. In this setting the Hausdorff dimension of BO{f) is positive, but can be 
arbitrarily small [6j. 

We say that ^ G is a periodic point of /: R" — ?■ M", if there exists p e N 
such that /^(O = ^- The smallest p with this property is called the period of ^. 
A periodic point of period 1 is called a fixed point. If a periodic point of period 
p has a neighbourhood U such that f^^\u ^ uniformly as k ^ oo, then ^ is 
called attracting and the set of all x G M" satisfying f^^{x) — )■ ^ as A; — )■ oo is 
called the attracting basin of ^ and denoted by A{^). As in [71 Theorem 1.3] we 
have the following result. 

Theorem 1.5. Let f be an entire quasiregular map of transcendental type with 
an attracting fixed point ^. Then J{f) fl A{C,) = and J{f) C dA{^). 

Again we have equality for entire functions in the complex plane, but not in 
the current setting; see Example 17.51 below. 

The forward orbit Oj{x) and the backward orbit Oj{x) of a point x G M" are 
defined by 

0+(x) = {f\x) -.keN] 

and 

oo oo 

Oj{x) = U f-'{x) = [j{yeR^: f\y) = x] . 

k=0 k=0 

For yl C M" we put 

Of (A) = U Ofix). 

With this terminology (11. ip takes the form 

(1.2) cap(R"\0+(f/)) = 0. 

The exceptional set E{f) of a quasiregular map /: R" — )■ R'^ is the set of 
all points with finite backward orbit. It is a simple consequence of Picard's 
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theorem that the exceptional set of a non-hnear entire function in the complex 
plane contains at most one point. Rickman [30] has extended Picard's theo- 
rem to quasiregular maps and shown that there exists a constant q = q{n, K) 
such that if / : M" — > is a i^-quasiregular map of transcendental type and if 
Oi, 02, . . . , G M" are distinct, then there exists j G {1, . . . , g} such that f~^{cLj) 
is infinite. This implies that E{f) contains at most q — 1 points. 

As in [7] we obtain the analogues of some further standard results of complex 
dynamics under the additional hypothesis of (local) Lipschitz continuity. 

Theorem 1.6. Let f be an entire quasiregular map of transcendental type. Sup- 
pose that f is locally Lipschitz continuous. Then 

(i) J{f) C Oj{x) for all x G M"\^(/), 

(ii) Jif) = Ojix) for allxeJ{f)\E{f), 

(iii) ]R"\Oj (f/) C E{f) for every open set U intersecting J{f), 

(iv) J(/) is perfect, 

(v) .J{fP) = .J{f)forallp^n. 

Note that (iii) is considerably stronger than the property (11. ip used in the 
definition of J{f). It follows from (iii), together with the complete invariance of 
J(/), that 

J(/)\i?(/)co;(f/nJ(/))c J(/) 

for every open set U intersecting J(/). 

We also note that (v) implies that - under the hypotheses of Theorem 11.61 - 
the conclusion of Theorem 11.51 holds not only for attracting fixed points, but also 
for attracting periodic points. 

We could achieve that (v) always holds by modifying Definition 11.11 as follows: 
instead of requiring that (II. 2p holds for all neighbourhoods f/ of x we would 
require that cap(R"\Ojp(f/)) = for all neighbourhoods U oi x and all p G N. 
Suitable modifications of our arguments show that with this definition of J{f) our 
results about the Julia set would also hold, and (v) would be true automatically. 
However, we conjecture that Theorem 11.61 holds without the hypothesis of local 
Lipschitz continuity. If this is true, then, in particular, (v) always holds and so 
this modified definition agrees with the one given in Definition 1 1.1[ Therefore we 
have used the somewhat simpler definition of J{f) in Definition II. 1[ 

We denote the Hausdorff dimension of a subset X of M" by dimX. 

Theorem 1.7. Let f he as in Theorem \L(A Then dim J(/) > 0. 

In our proof of Theorem 1 1 . 1 1 and subsequent results we have to distinguish two 
cases. It turns out that the hypothesis of Lipschitz continuity in Theorem 11.61 
is needed only in one of these cases. In order to motivate the terminology, we 
note that an entire function is said to have the "pits effect" if \f{z)\ is "large" 
except in "small" domains (which are called pits). This concept was introduced 
by Littlewood and Offord [22]; see also |T3]. We adapt this terminology, although 
our definition of "large" and "small" is different from the one in the papers cited. 
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Definition 1.2. A quasiregular map /: — )■ M" of transcendental type is said 
to have the pits effect if there exists iV G N such that, for all c > 1 and all e > 0, 
there exists Rq such that if R > Rq, then 

{x : R<\x\ < cR, \f{x)\ < 1} 

can be covered by balls of radius eR. 

For example, it follows directly that if there exists a sequence {xk) tending 
to oo such that \ f{xk)\ < 1 for all G N and limsup;j_^oQ < oo, then / 

does not have the pits effect. In the definition of the pits effect, we could replace 
the condition that |/(x)| < 1 by |/(a;)| < C for any positive constant C and in 
fact by |/(a;)| < R" for any a > 0; see Theorem 18.11 

Theorem 1.8. Let f be an entire quasiregular map of transcendental type which 
does not have the pits effect. Then the conclusion of Theorem \l.b\ holds. 

Theorem 11.81 is a corollary of the following result. 

Theorem 1.9. Let f he an entire quasiregular map of transcendental type which 
does not have the pits effect. Then capOj(x) > for all x G W^\E{f). 

Together with the complete invariance of J{f) we obtain the following result 
from Theorem II. 9[ 

Corollary 1.1. Let f he as in Theorem \l.S[ Then cap J(/) > 0. 

Theorems 11.81 and 11.91 apply in particular to higher dimensional analogues 
of the exponential and the trigonometric functions considered in [5l |8l [18]; see 
Examples 17. ll and l7.2l below. These functions are also locally Lipschitz continuous 
so that we could apply Theorem 11.61 as well. 

Another condition yielding that the conclusion of Theorem 11.91 and thus The- 
orem [L6] holds involves the hranch set Bj which is defined as the set of all points 
where / fails to be locally injective. The local index i{x, f) of a quasiregular map 
/ at a point x is defined by 




where the infimum is taken over all neighbourhoods U of x. Thus 

Bf = {x: i{x,f) > 1}. 

With this notation we have the following analogue of [71 Theorem 1.8]. 

Theorem 1.10. Let f be an entire quasiregular map of transcendental type. If 
J{f) r\ Bf = ^ or, more generally, if the local index is hounded on J{f), then 
conclusions (ii), (iv) and (v) of Theorem \L6\ hold and cap J(/) > 0. 

// the local index is bounded on M", then the conclusions of Theorems \1.6\ 
and \L9[ hold. 

We note that rational functions / for which Bf is contained in attracting 
basins (and thus, in particular, J{f)nBf = 0) are called hyperbolic or expanding. 
They play an important role in complex dynamics; cf. [2S1 EZ]- The concept of 
hyperbolicity has also been extended to transcendental dynamics, see, e.g., |33] . 
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Additional hypotheses hke Lipschitz continuity or not having the pits effect 
are not needed in dimension 2. 

Theorem 1.11. Let / : C — ?■ C be a quasiregular map of transcendental type. 
Then the conclusions of Theorems and \1.9[ hold and cap J{f) > 0. 

This paper is organized as follows. In section [2] we recall the definition of 
quasiregularity, capacity and some other concepts needed and we collect a num- 
ber of results that are used in the sequel. Section |3] deals with functions not 
having the pits effect. We prove Theorems 11.11 and 11.41 for such functions, and 
we also prove Theorem 11.91 In section H] we consider functions with pits effect 
and prove Theorems 11.11 and 11.41 for such functions. Theorems 11.21 II. 3^ II. 5^ II. 6[ 
II. 7[ 11.81 and 11.101 are proved in section [5l The 2-dimensional case is then consid- 
ered in section [6l where Theorem 11.111 is proved. Various examples illustrating 
our results are considered in section [71 Finally, some consequences of Harnack's 
inequality are discussed in section |8l In particular, we show that the definition 
of the pits effect can be modified as indicated above. 

2. Quasiregular maps, capacity and Hausdorff measure 

We refer to the monographs [221 [22] for a detailed treatment of quasiregular 
maps. Here we only recall the definition and the main properties needed. 

For n > 2, a domain f2 C and I < p < oo, the Sobolev space Wpi^^{Q) 
consists of the functions / = — )■ for which all first order 
weak partial derivatives d^fj exist and are locally in L^. A continuous map 
/ G W^iq^{Q) is called quasiregular if there exists a constant Kq > 1 such that 

(2.1) \Df{x)r<KoJf{x) a.e., 
where Df{x) denotes the derivative, 

|D/(x)| = sup|D/(x)(/i)| 

\h\=l 

its norm, and the Jacobian determinant. Put 

i{Df{x))=mi \Df{x){h)\. 

\h\=i 

The condition that (12. ip holds for some Kq > 1 is equivalent to the condition 
that 

(2.2) Jf{x) < Kd{Df{x)Y a.e., 

for some Kj > 1. The smallest constants Kq and Kj satisfying (12.1 p and (12. 2 p 
are called the outer and inner dilatation of / and are denoted by Ko{f) and 
Ki{f). We call K{f) = max{K/(/), fCo(/)} the (maximal) dilatation of f and, 
for K > 1, say that / is K- quasiregular if K{f) < K. 

If / and g are quasiregular, with / defined in the range of g, then f o g is also 
quasiregular and [321 Theorem II. 6. 8] 

(2.3) Kj{fog)<Kj{f)Kj{g) and Ko{f o g) < Ko{f)Ko{g) 
so that K{fog)<K{f)K{g). 
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Quasiregularity can be defined more generally for maps between Riemannian 
manifolds. Here we only need the case of quasiregular maps / : f2 — )■ R*^ where 

C M". Such maps are called quasimeromorphic. It turns out that a non- 
constant continuous map / : — )■ M" is quasimeromorphic if /^^(oo) is discrete 
and / is quasiregular in fi\(/^^(oo) U {oo}). 

Many properties of holomorphic functions carry over to quasiregular maps. For 
example, non-constant quasiregular maps are open and discrete. A key result 
already mentioned in the introduction is Rickman's analogue [501 [5T] of Picard's 
Theorem. 

Lemma 2.1. For n > 2 and K > 1 there exists a constant q = q{n, K) with the 
following property: ifai, . . . ,aq & M" are distinct, then every K- quasiregular map 
f : R" — )• R^yjoi, . . . , aq} is constant and every K -quasiregular map / : M" — 
for which /~^({ai, . . . , aq}) is finite is of polynomial type. 

The number q{n, K) is called the Rickman constant. Note that Picard's theo- 
rem says that g(2, 1) = 2. 

The following normal family analogue of Rickman's Theorem was obtained 
by Miniowitz f2E[ Theorem 5]. Here xi^iU) denotes the chordal distance of 
two points x,y E M". Thus xi^^u) = W^^i^) ~ ^ ""^(z/)! with the stereographic 
projection tt: S*" — ?■ R". 

Lemma 2.2. Let Q G MJ^ be a domain and let T be a family of K- quasimero- 
morphic mappings on Q. Let q = q{n,K) be the Rickman constant and suppose 
that there exists S > with the following property: for each f G T there exist 
a{, . . . , ajj^i E R" satisfying x(of , a^) > S for i ^ j such that f{x) ^ aj for all 
X eVL and 1 < j < g + 1 . Then T is normal. 

A family T of functions quasiregular (or quasimeromorphic) in a domain 
is called quasinormal if every sequence in J-" has a subsequence which converges 
locally uniformly in Q\E for some finite subset E of Q. Here the subset E may 
depend on the sequence. The following simple consequence of the maximum 
principle is useful in dealing with sequences converging outside a finite set; see, 
e.g., [21 Lemma 3.2]. 

Lemma 2.3. Let Q G M."' be a domain and let (fk) be a non-normal sequence of 
functions which are K -quasiregular in Q. If (fi^) converges locally uniformly in 
n\E for some finite set E, then f k ^ oo in Q\E. 

The next result is the analogue of Liouville's Theorem for quasiregular maps; 
see, e.g., ^ Lemma 3.4]. Here M(r, /) denotes the maximum modulus of a 
quasiregular map /; that is, M(r, /) = max|^.|=r 1/(3^)1- 

Lemma 2.4. Let f be an entire quasiregular map of transcendental type. Then 

log M(r,/) 
lim = oo. 

r^oo log r 

An important tool in the theory of quasiregular mappings is the capacity of 
a condenser. We recall this concept briefly. For an open set A C R" and a 
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non-empty compact subset C of A, the pair {A, C) is called a condenser and its 
capacity cap(A, C) is defined by 



cap(A,C) = inf / \Wu\^ dm, 
" J A 



where the infimum is taken over all non- negative functions u G C^{A) satisfying 
u{x) > 1 for all a; e C. Equivalently, one may take the infimum over all non- 
negative u G W^i^^{A) with compact support and u{x) > 1 for all x E C. It 
follows directly from the definition that 

(2.4) cap(A', C) < cap(A, C) ii A' D A and C C C. 

If cap(A, C) = for some bounded open set A containing C, then cap{A', C) = 
for every bounded open set A' containing C; see [321 Lemma III. 2. 2]. In this case 
we say that C is of capacity zero. Otherwise we say that C has positive capacity. 
We denote this by cap C = or cap C > 0, respectively. 

For an unbounded closed subset C of M" we say that C has capacity zero 
if every compact subset of C has capacity zero. Equivalently, we can define 
condensers in M" and consider cap (A, C U {cxd}) for open subsets A of M" with 
Ay^W which contain C U {oo}. 

For a G M*^ and r > 0, let B"'{a, r) = {x G M" : \x — a\ < r} be the open ball, 
B^{a, r) the closed ball and S''^~^(a, r) = dB^{a, r) the sphere of radius r centred 
at a. We write 5'^(r), 5"(r) and 5"(r) instead of 5*^(0, r), 5"(0, r) and 5"(0, r). 
If there is no risk of confusion, we omit the superscript n for the dimension. 

For a quasiregular map /: — )■ M", a point ?/ G M" and a Borel set such 
that E is a. compact subset of fl, we denote by n{E, y, /) the number of ^/-points 
of / in E, counted according to multiplicity. Thus 

niE,y,f)= Yl *(^'^)- 

xef-'^{y)nE 

The average of n{E, y, f) over all ?/ G M" is denoted by A{E, /). Thus [321 p. 80] 

1 f n{E,yJ)^_ 1 f Jf{x) 



" u;„ L (1 + bi^)""^^ " (1 + |/(x)P)"'^'^' 

where a;„ denotes the volume of the n-dimensional unit ball. 

Note that Rickman [22] identifies M" with 5'"(e„+i/2, 1/2) while we have used 
gn _ gn^i^^ implying that the formulas differ by a factor 2". Here and in the 
following Cfc denotes the A;-th unit vector. 

We will write n(r, y, /) and A{r, f) instead of n(^B{r), y, /) and A(^B{r), /). 

The following result [321 Theorem 11.10.11] gives a connection between capacity 
and quasiregularity. 

Lemma 2.5. Let f : Q ^ be quasiregular, let [A, C) be a condenser in Q and 
put m = inf ye/(c) n{C, y, f) . Then 

cap(/(A),/(C))<^^cap(AC^). 

m 

The following result was proved in [3 Theorem 3.2], based on ideas from 
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Lemma 2.6. Let F C M" he a set of positive capacity and let 6 > 1. Then there 
exists a constant C depending only onn, F and 9 such that if f : B^{9r) — )■ R"\F 
is quasiregular, then A(r, f)<C Kj{f). 

The condenser 

EG(t) = (5"(l),[0,tei]) 

is called the Grotzsch condenser. It has the following important extremal prop- 
erty [321 Lemma III. 1.9]. 

Lemma 2.7. Let {A,C) be a condenser with A C B"'{r). Suppose that C is 
connected and that 0,x G C where x G i?"(r)\{0}. Then 

cap(A, C) > cap -Ecda^l/r). 

We shall also need the following bound for the capacity of the Grotzsch con- 
denser [32l Lemma III. 1.2]. 

Lemma 2.8. There exists a constant depending only on n such that 

cap Ecit) > Un-i flog j 

forO<t< 1 . 

We denote the (Euclidean) diameter of a subset A of M" by diam A. For rj > 0, 
an increasing, continuous function h: {0,ri) — )■ (0, oo) satisfying lim^^o ^(i^) = 
is called a gauge function. For A C M" and 5 > 0, we call a sequence (Aj) of 
subsets of a 6- cover of A if diam A j < 6 for all j G N and 

oo 

ag\Ja,. 

We put 

Hf^{A) = inf |y^/j.(diam Aj) : (Aj) is (5-cover of 

and call 

H,{A) = hmM{A) 

the Hausdorff measure of A with respect to the gauge function h. Note that since 
Hf^[A) is a non-increasing function of 5, the limit defining Hh{A) exists. The 
possibility that Hl{A) = cxd is allowed, meaning that Yl'jLi h{diam Aj) diverges 
for all (5-covers (Aj). 

In the special case that h{t) = for some s > 0, we call Hh{A) the s- 
dimensional Hausdorff measure. There exists d G [0,n] such that Ht'>{A) = oo 
for < s < d and Hts{A) = for s > d. This value d is called the Hausdorff 
dimension of A and is denoted by dim A. 

Recall that a function / : X — )■ where X C M" is said to be Holder contin- 
uous with exponent a if there exists L > such that 

\f{x)-f{y)\<L\x-yr for all x,y e X. 
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In the special case that a = 1 we say that / is Lipschitz continuous with Lipschitz 
constant L. The following result was proved in [71 Corollaries 9.1 and 9.2]. 

Lemma 2.9. Let X C M" 6e compact, /: X — and 5 > 0. Suppose that 
each y E X has m pre-images Xi, . . . , Xm satisfying \xi ~ Xj\ > 6 for i ^ j ■ Let 

xex. 

(i) /// satisfies a Lipschitz condition with Lipschitz constant L > 1, then 

dim 07 (x) > -r^—r- 
^ \ogL 

(ii) /// satisfies a Holder condition with exponent a <1, then 

Hh (07(x)) > 

for 



h{t) =[\og-\ 



(logm)/(logo) 

t J 

In [7] it is actually assumed that / maps X to X and the conclusion concerns 
dimX and Hh{X). However, the proof yields the above result. 

Part (ii) of the above result can be applied in particular to quasiregular maps 
by the following result [32, Theorem III. 1.11]. 

Lemma 2.10. Let /: — )■ he quasiregular. Then f is locally Holder contin- 
uous with exponent Kj{fY^^^~^K 

The following result connecting capacity and Hausdorff measure can be found 
in HH. 



\ l—n—e 

1 



Lemma 2.11. Let X C M" he compact and £ > 0. If Hh{X) > for 

hit) = {log- 

then cap X > 0. 

An immediate consequence is the following result. 

Lemma 2.12. Let X C M" he compact. //dimX > 0, then capX > 0. 

In particular, it follows that cap X > if X contains a non-degenerate contin- 
uum. 



3. Functions without pits effect 

In this section, we prove Theorem 1 1.1 1 and Theorem II. 41 for functions which do 
not have the pits effect. We also prove Theorem 11.91 which deals only with such 
functions. 

Throughout this section, let /: — t- be an entire quasiregular map of 
transcendental type which does not have the pits effect. We fix a large positive 
integer N and obtain c > 1, e > and a sequence {Rm) tending to oo such that 
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{x G : Rm < < cRm, \f{x)\ < 1} cannot be covered by balls of radius 
eRm- We consider the functions hm : ffi" — > ™" 
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(3.1) hm{x) = f{RmX). 

With P = {x e M" : 1 < |a;| < c} we find that 

{xeP ■.\h^{x)\<l} 

cannot be covered by balls of radius e. Thus there exist G P 

satisfying |x™ — x™| > £ for i 7^ j such that \hm{xj')\ < 1 for j G {1, . . . , N}. 
Passing to a subsequence if necessary, we may assume that the sequences (x™')mgN 
converge for j G {1, . . . , A^}, say — )■ Xj as m — )■ 00. Then |xj — Xj| > e for 
z 7^ j. We fix ri, . . . , Tat satisfying 1 < ri < r2 < ■ ■ ■ < ta? < c and choose y'^ 
such that = and 

Again we may assume that the sequences (?/™)mGN converge, say — i- ?/j as 
m — )■ 00. We may choose pairwise disjoint curves 7^ which connect Xj with Uj 
and small neighbourhoods Uj of the curves 7^ such that their closures U j are 
pairwise disjoint. Then Xj G Uj and ?/-,• G Uj for j G {1, . . . , A^}, and there exists 
(5 > with 

dist(?7i, Uj) = inf |f — w| > 5 

for i ^ j. Since |/im(a;™)| < 1 and x™ — )■ Xj while \hm{yj^)\ 00 and yj^ — )■ y^, 
we find that the sequence (/im) is not normal in any of the domains Uj. In fact, 
no subsequence of (hm) is normal. 

We shall also consider the functions Qm'- — ^ R", 

(3.2) gUx) = = 

-'l-m -'I'm 

Using Lemma l2.4l we find that |5'm(z/™)| — c>o as m — )■ 00. Since \gm{xY)\ < 1/-Rm 
this implies that no subsequence of {gm) is normal in any of the domains Uj. 

Proof of Theorem \1.1\ for functions without pits effect. With gm and Uj as de- 
fined above we deduce from Lemma 12.21 that if m G N is large enough, say 
m > M, and if j G {1, . . . , A^}, then gm{Uj) D f/j for at least N — q values of 
z G {1, . . . , A^}. This implies that if G N, j G {1, . . . , A^} and m > M, then, 
counting multiplicities, g^{Uj) covers at least (A^ — qY of the domains Ui. This 
means that with L = {N — q)^ there exist pairwise disjoint subsets Vi, . . . , Vl of 
Uj such that if £ G {1, ... , L}, then 5'^(V£) = Ut for some i G {1, . . . , A^}. Hence, 
for each j G {1, . . . , A^}, there exists i G {1, . . . , A^} such that 

n{Uj,y, gl) > ^ for all y G U.. 

This implies that 

(3.3) A{U,,gl)>C^^~'^^' 



N 

for some Ci > and all j G {1, . . . , A^}. 
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Suppose now that J{gm) H Uj = $ for some j G {1, . . . , A^}. Then for each 
X G Uj there exists > such that B{x, 2rj.) fl J{gm) = 0- Hence 

A{B{x,r^),gt) < c^Ki{g'^) < c^Ki{gmf 

for some > by Lemma [2.6[ (12. 3p and the definition of J{gm)- Since Uj can 
be covered by finitely many balls B{x, r^), we obtain 

(3.4) AiU,,gt) < C2Ki{gmf = C^K^iff. 

Choosing > Ki{f) + g we obtain a contradiction from (13.31) and (13 ■4p . Thus 
J{gm) ^Uj 7^ for j G {!,..., A^}. Since / is conjugate to gm by the linear map 
X RmX, we deduce that card J(/) > N. We obtain card J(/) = oo. □ 

Proof of Theorem M.iA Let gm and Uj be as before. Let p be the cardinality of 
the set of all z G {1, . . . , N} such that gmiUj) D Ui for at most A^/2 values of 
i G {1, . . . , A^}. Since each Uj has N — q subsets mapped onto distinct domains 
Ui, we find that 

A^ 

p— + {N- p)N > N{N - q), 

which is equivalent to p < 2q. We choose A^ divisible by 4 such that A^ > 8q. 
Then A^/4 > p. Hence 3N/A of the domains Ui are contained in A^/2 of the 
domains g-miUj). With L = 3N/4 we may assume that Ui, . . . ,Ul are contained 
in A^/2 of the domains gm{Uj); that is, for each i G {1, . . . , L}, 

N 

card {j G {1, . . . , A^} : gUU,) d f/,} > y . 
Hence card{j G {1, . . . ,L} : gmiUj) D Ui} > NjA, which implies that 



card {j G {1, . . 

for each z G {1, . . . , L}. 

It now follows from Lemma 
that if ?/ G X, then 



L}:gm{U,)^Ui]>^, 



where 

h{t) = 

Choosing A^ > AKiU) 

(3.5) 

Putting 

we obtain 
(3.6) 

provided m > M. 



log- 



ii), applied to X = IJj=i Lemma [2. 101 

>0, 

log(Ar/4) 



HH{0-Jy) 



with (3 



[n 



AKj{gm) and using Lemma [2.111 we obtain 



'^^PO (y)>0 ioiyeX. 



3 



RmUj 



{RmX : X E Uj} 



cap Oj{v)>0 fort;G|j77 
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Let now x G M.'^\E{f). Then cardOj(x) = oo by the definition of E{f). 
Recall that no subsequence of the sequence (/i^) defined by f l3.1l) is normal in 
any of the domains Uj. Lemma 12.21 implies that if j G {1, . . . , A^} and if m is 
sufficiently large, then there exists u G Uj such that hmiu) G 0^{x). Putting 
V = RmU we obtain v G Vp and f{v) G Oj{x). This implies that v G Oj{x) and 
hence that Oj{v) C Oj{x). Now ([SSD yields cap Oj{x) > 0. □ 



Proof of Theorem I.4 for functions without pits effect. Using the terminology of 
the previous proof, and putting 



U=[jUj and V=[j Vj 



m 
j ' 



as well as G = gm\u and F = f\v, Lemma [2.91 and Lemma [2.111 actually show 
that (13. 5p and (13. 6p can be replaced by 



(3.7) capO^iy)>0 ioiyeU 

and 



(3.8) capO^{v)>0 foTveV. 

By a result of Siebert ^36j, / has infinitely many periodic points of period p for 
all p > 2. In particular, / has a periodic point ^ of period 2 with ^ ^ E{f). As 
before, there exists v G Oj{^) fl V, provided m is large enough. Let / be such 
that /'(w) = ^. Then 

W = 0^{v) U {f''{v) ■.0<k<l + l} 

satisfies f{W) C W and hence f{W) C W. Thus W C 50(/). Now the 
conclusion follows from fl3.8D. □ 



4. Functions with pits effect 

In this section we prove Theorem 11.11 and Theorem 11.41 for entire quasiregular 
maps of transcendental type which have the pits effect. Let /: M" — )■ M" be such 
a map. Then there exists a sequence (xm) tending to 00 such that \f{xm)\ < 1 
while \f{x)\ > 1 for \xm\ < \x\ < 3\xm\- We put Rm = \xm\ and define gm 
by ([S2]); that is, gmix) = f{Rmx)/Rm- 

Using Harnack's inequality one can show that [gm) is quasinormal; see Re- 
mark 18.11 However, the quasinormality of (gm) is not essential and thus we 
briefiy indicate how the argument can be completed if we assume that [gm) 
is not quasinormal. Given G N, we may then assume, passing to a subse- 
quence if necessary, that there exist distinct points zi, . . . zjy G M" such that no 
subsequence of (gm) is normal at any of these points. Choose neighbourhoods 
Ui, . . . , Uisf of these points with pairwise disjoint closures. As in section [3] we now 
see that if A^ > Ki{f) + g, then J{gm) n 7^ for all j G {1, . . . , A^}, provided 
m is large enough. Hence J{f) 7^ and in fact card J{f) = 00, which proves 
Theorem 11.11 in this case. 
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Moreover, putting again L = 3N/A and proceeding as in the proof of The- 
orem [L9] we see that (13.51) holds if > AKi{f). The arguments used in [36] 
and ^ show that Ujli contains a periodic point ^ of gm- As in the proof 
of Theorem 11.41 for functions without pits effect we deduce from (13.71) that 
capBOlgm) > 0. Hence cap i?0(/) > 0, which proves Theorem 11.41 in this 
case. 

We will thus assume from now on that {gm) is quasinormal. Passing to a 
subsequence if necessary, we may assume that (gm) converges in M"\F where F 
is a finite set. We may assume that no subsequence of (gm) is normal at any 
point of F since this can be achieved by deleting points from F and passing to a 
subsequence of (gm)- Using Lemma fl^ it is easy to see that no subsequence of 
(gm) is normal at 0. Thus Lemma [2.31 implies that oo locally uniformly in 

M"\F. Since \ f{xm)\ < 1 we conclude that F contains a point of norm 1. Clearly 
we also have E F. Thus = card F > 2. Let F = {yi, . . . , i/n} and choose 

M > max |%l 

k=l,...,N 

and r > such that the closed balls of radius r around the points i/k are pairwise 
disjoint and contained in 5(0, M). 
For large m we have 

inf \gm{x)\<M foTl<k<N 

while 

N 

\gm{x)\>M for X GS(0,M)\|JS(|/fc,r). 

fc=i 

Denote by f7^,i, . . .,Um,i^ the components of gm(B{Q, M)) n 5(0, M). Then 
each B{yk,r) contains at least one Um,j so that im ^ N > 2. Denote by Umj 
the interior of Umj- (We do not assume here that Umj is connected.) Then 
gm - Umj -8(0, M) is a proper map. Since 



Rr, 



Rrr, R m. 



there exists j such that Xm/Rm £ Umj- As gm - Umj — ^ 5(0, M) is proper, Umj 
contains a zero (m of gm- Putting Zm = RmCm we thus have f{zm) = and 
\zm — Xm\ < 2rRm = 2r\xm\- Siucc r can be chosen arbitrarily small, we deduce 
that / has infinitely many zeros. 

Denote by dmj the degree of the proper map gm - Umj 5(0, M) and put 

i=i 

Then dmj equals the number of zeros of gm in Umj and thus 

dm = n{M, 0, gm) = n{MRm, 0, /) ^ oo 
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as m — oo. In particular we have dm > Ki{fY for large m. This condition will 
be needed in the proof of Theorem 11.41 For Theorem 11.11 the weaker condition 
dm > Kj{f) would suffice. 

From now on we drop the index m and put 

f/ = Um,j, G = Qm, Vj = UmJ, L = im, Dj = C?m,j D = d^.- 

i=i 

Then L > 2 and Vi, . . . ,Vl are open subsets of B{0, M) with disjoint closures 
such that G: Vj ^ B{Q, M) is a proper map of degree Dj for 1 < j < L and 

L 

(4.1) D = Y,D,>K,{Gf. 

i=i 

Note here that Ki{G) = Kj{f). 

For 2, J G {1, . . . , L} let . . . ,Wf be the components of G-\Vj) n Vi, 

with t = tij > 1. Denote by Wi'^ the interior of Wf . Then G : W'j'^ Vj is a 
proper map and 

L 

(4.2) Y.T.'^''<^--^s' -^V,)=D. 

1=1 s = l 

Now G^ : Wg'^ — )■ B{0, M) is also a proper map and 

1=1 s = l 

Putting 



L L 



L2 = J2T.t^ 

i=l j=l 

and writing 

{W'^'^ ■.l<i,3 <L, l<s< Uj} = {K/ : 1 < £ < L2} 

we obtain L2 open subsets of 5(0, M) with pairwise disjoint closures such 
that G^: Vl — )■ 5(0, M) is a proper map with 

Edeg(G2: l^/ ^ 5(0, M)) = 

Note that L2 > L^. 

Inductively we find that for A; G N there exist > L'^ and open subsets 
Vl , . . . ,Vl^^ of 5(0, M) with pairwise disjoint closures V^, . . . ,V such that 
: -)■ 5(0, M) is a proper map for 1 < £ < L^, with 

(4.3) Yl deg(G''' : ^ 5(0, M)) = 5^ 
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By construction, 

1=1 £=1 

Proof of Theorem \l.l\ for functions with pits effect. Let V/^, . . . , V^^ be as above 
and put 

£=1 

Then a, G^) = for all a G 5(0, M) by gj]). Thus 

(4.4) A(r\ G"^) > CiD^ 

^. ^ 

for some Ci > 0. Suppose now that V fl J(G) = 0. Then for each x G V there 

exists > such that B{x,2rx) fl t/(G') = 0. As in section [3l we deduce from 

Lemma 12.61 and the definition of J{G) that 

A{Bix,r^),G>') < c.KjiG'') < c^Kj{Gf 


for some Cx > 0. Covering V by finitely many balls B{x,rx) we obtain 

A(\/^G'=) < C2Kj{G)'' 

for some C2 > 0. Since Ki{G) = Kj{f) this contradicts ( CTj) and (Oj) for 
large fc. Thus v'' n J(G) ^ 0. 

Since G'^ : ^ 5(0, M) is proper and thus in particular surjective, V C 
5(0, M) and J{G) is completely invariant, it follows that every set Vj^ meets 
J(G). Thus card J((j) > Lk for all /c and hence card J(G) = 00. As G is 
conjugate to /, the conclusion follows. □ 

Proof of Theorem \1.4\ for functions with pits effect. We again use the terminol- 
ogy introduced above. Suppose first that 

(4.5) Lk > Ki{G^) for some ken. 

By |36l Lemma 2.1.5], each Vj contains a fixed point Vj of G. Similarly as in sec- 
tion [3] we can now deduce from (14. 5p . together with Lemma [23] and Lemma [2. IH 
that capO^fe(fj) > and hence that cap 50(G) > 0. Thus cap 50(/) > 0. 
Suppose now that (14. 5 p does not hold. Then 

(4.6) Lu < Kj{G') < Ki{Gf 
for all G N. Put 

k=li=l 

Clearly X is compact and X C BO{G). Thus it suffices to prove that capX > 0. 
Suppose that this is not the case. Then dimX = by Lemma [2.12[ 
This implies that for each r] > there exists such that 

(4.7) diam V^/ < rj for > fco and 1 < £ < Lk. 



ITERATION OF ENTIRE QUASIREGULAR MAPS 



17 



k - 

In fact, suppose that there exist r] > and Xj,yj G V^^,^ with kj — )■ oo such 
that \xj — Ujl > Tj. We may assume that (xj) and converge, say Xj — >■ Xq 
and Uj —J- j/o- Then Xq^Uq G X. Since dimX < 1, there exists a hyperplane 
H in R^yX that separates xq and |/o. For large j the points Xj and ?/j are on 

opposite sides of the hyperplane H and thus there exists Zj G V ^ fl We 
may assume that {zj) converges, say Zj — )■ 2:05 since otherwise we may pass to 
a subsequence. Then zq & X Pi H since X fl if is compact. This contradicts 
H C M"\X. Thus (iZD holds. 

It follows from fll^ and ( CBj) that for all A; G N there exists £fc G {1, . . . , L^} 
such that 

(4.8) deg(G"=: V/^ 5(0, M)) > ^ > (^-^ 



r(G), 

We fix a large k and put = V^^ and ly,- = G^~'-'{Wk) for < j < A; - 1 so 
that Wo = 5(0, M). Then G: A VTj-i is a proper map for l<i<k. Put 

P,- = deg(G: Wj Wj.i). 



Then 



so that 



(4.9) n^:'-^' ^ 



by dM]). Let ti;^ G G'-'=(0) n and put Wj = G^-^{wk) for < j < A; - 1. Thus 
Wj G for < j < A; and Wq = 0. 

Let now e > and choose 5 > such that \G{x) — G(?/) | < e ioi x,y G Uj=i 
satisfying \x — y\ < 6. We take r] < mm{e,6} and choose ko such that f l4.7p is 
satisfied. 

Assuming that k > ko, we denote by Yj, for ko < j < k, the component of 
G^^{B{wj^i,e)) that contains w^. Then Yj D B{wj,6) D 1^^. 
By Lemma [2.51 we have 

cap(y„W,) > _^cap(G(lS),G(W,)) 

p. 

= ;^^cap(5(u;,„i,£),lV,_i) . 

By the extremality of the Grotzsch condenser (Lemma 12.71) and the lower 
bound for its capacity given by Lemma 12.81 we have 

/ diaml^j- 



cap(i?(wj_i, e), iyj_i) > cap^^G 
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On the other hand, (12.41) yields 

cap{Yj,Wj) <cap{B{wj,5),Wj) 

< cap(-B(wj, S), B(wj, diam Wj)) 



6 " " 



diam Wj 



Combining the last three estimates we obtain 

1 f ^ ^V""> (\ ( ' ' 

°^ Vdiam Wj ) " Ki{G) \ °^ Vdiam W^j-i 
for ko < j < k. Equivalent ly, 



l/(n-l) 



log ( — ) = log ( - — ^- — ) + log 



Now 

diamiyj_i/ \diamiyj_i/ 5 

Given r > 1, we may choose rj so small that log(A„£:/5) < (r — 1) log(5/?7). Then 

It — — ) — ''"loF 



diam Wj-i J \ diam ly^- _ i 

for ko < j < k. Hence fl4.10p takes the form 



diam Wj J \ Pj ) \diamiyj _i 

for ko < j < k. We conclude that 



log ( -j—nTT ) < I "r"^ „ I log 



^ diam WkJ y 11^=^0+1 / ^ ^^^^ 

Using fl4.9p we obtain 



\diamWk J \ D J \diamWko 

for some constant Cq. With 

30 



So = inf diam K''" 



we obtain 



.o.Q...(ll^)*-",o.(i). 

For r close to 1 and large k this contradicts (14. ip . □ 
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5. Proof of Theorems Ol Ol ILE, M O, \LE and fTTn] 

Proof of Theorem Let / : C — > C be an entire transcendental function and 
let Jo(/) be the classical Julia set; that is, the set of all 2; e C where the iterates 
of / do not form a normal family. We refer to [2] for the basic properties of 
Jo(/). Let J(/) be as in Definition [HH with n = 2 so that = = c_ 

Let X G Jo(/) and let f/ be a neighbourhood of x. It is a simple consequence 
of Montel's theorem that card (C\Oj (f/)) < 1 and hence that 

(5.1) cap(C\0+(t/)) = 0. 

This implies that x E J{f). 

Let now x G J{f) and let f/ be a neighbourhood of x. Thus f lS.ip holds. 
By a result of Baker [I], Jo(/) contains continua and thus cap Jo(/) > by 
Lemma 12.121 Therefore Jo{f) is not a subset of C\Oj(f/), which means that 
Jo(/) n 0^{U) 7^ 0. By the complete invariance of Jo(/) we have Jo(/) n f/ 7^ 0. 
As t/ can be taken arbitrarily small and Jo(/) is closed, we now deduce that 
X G Jo(/). □ 

In order to prove Theorem II. 3^ we formulate the following result of [H] already 
mentioned in the introduction. 

Lemma 5.1. Let f be an entire quasiregular map of transcendental type. Then 
I{f) has at least one unbounded component. 

Proof of Theorem \1.3[ Let x G J{f). Then fll.2p holds for every neighbourhood 
U of X. Since cap BO{f) > by Theorem 11.41 and cap/(/) > by Lemma [5.11 
and Lemma we have BO{f) n 0+(f/) ^ and /(/) n Oj{U) ^ 0. Since 
both BO{f) and /(/) are completely invariant, this implies that BO{f) HU ^ 
and /(/) n f/ ^ 0. As BO{f) n /(/) = 0, we deduce that dBO{f) n t/ ^ and 
dl{f) n t/ 7^ 0. Since this holds for every neighbourhood U of x, we conclude 
that X G dBO{f) and x G dl{f). □ 

Proof of Theorem \1.5[ Let x G A{C,). Then there exists a neighbourhood U of 
X such that f''\u — )■ ^ uniformly. Replacing f/ by a smaller neighbourhood 
if necessary, we may achieve that 0^{U) C B{0,R) for some R > 0. Thus 
cap(M"\0;^(f/)) > which implies that x J(/). 

Let now x G J{f). Then a; ^ ^(0 by what we have proved already. Suppose 
that X ^ dA{^). Then there exists a neighbourhood U ofx such that f7nA(^) = 0. 
Since A{^) is completely invariant this implies that 0^{U) fl A{^) = and thus 
A{^) C ]R"\0j(?7). Hence capA{^) = by fll.2p . which is a contradiction since 
y4(^) is open. □ 

Theorems 11.61 11.71 and 11.81 will follow from the next three results. 

Theorem 5.1. Let f be an entire quasiregular map of transcendental type. Sup- 
pose that 



(5.2) cap 07(2;) > for all x G M"\E(/). 

Then the conclusions (i)-(iv) of Theorem \1.6\ hold. 
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Proof. Let x G W^\E{f) and let U be an open set intersecting J(/). It follows 
from ([L2D and that Oj{U) nOj{x) 0. Since 0+(f/) is open and Oj{x) 
is closed this actually yields that 0^{U) fl 0^{x) ^ 0. This in turn yields both 

(5.3) X G 0+(f/) 
and 

(5.4) f/n 07(2;) 7^0. 

Since (15. 4p holds for every open set U intersecting J(/), we have J(/) C 0'j{x) 
and thus (i). Now (ii) follows from (i) since J{f) is closed and completely invari- 
ant. Since (IE3]) holds for all x G W\E{f) we obtain M"\^(/) C 0^{U) which 
immediately yields (iii). 

To prove (iv) we only have to show that J{f) does not contain isolated points. 
Now it follows immediately from (ii) that non-periodic points in J{f) are not 
isolated in J(/). Also, J{f)\E{f) contains non-periodic points, since if |/ G 
J{f)\E{f) is periodic, then all points in Oj{y)\0'j^{y) are non-periodic. Thus 
there exists a non-isolated point x G J{f)\E{f). It now follows from (ii) that 
no point of J(/) is isolated. □ 

Theorem 5.2. Let f be an entire quasiregular map of transcendental type and 
letpe N. //cap J(/P) > 0, then J{fP) = J{f). 

Proof. It follows immediately from the definition that J(/^) C J{f). In order 
to prove the reverse inclusion, let x G J{f) and let U he a. neighbourhood of x. 
Since cap(M"\0+(?7)) = but cap J(/p) > 0, there exists y G 0+(t/) n J(/p), 
say y = f^i^z) where m G N and z E U. As := f^iU) is a neighbourhood of 
y G J{fP), we have 

(5.5) cap(M"\0+(V)) = 0. 

We write m = kp-l with A; G N and / G {0, 1, . . . ,p- 1}. Then V = f^P{f'\U)) 
and hence 

f\o%{y)) c f{o%{f~\u))) = o%{u). 

Noting that f\W) D W\E{f^) we deduce that 

M"\0+(f/)cMV(0;.(V^)) 

(5.6) C (/'(M")\/(0+(\/)))uE(/') 

C/(M"\0+(V))UE(/). 

Lemma [231 implies in particular that quasiregular mappings map sets of capacity 
zero to sets of capacity zero. Thus cap /' (]R"\Ojp(y)) = by (15. 5p . Since E{f^) 
is finite, we can now deduce from dESD that cap(M"\0+ (f/)) = 0. Since this 
holds for every neighbourhood U of x, we conclude that x G J{fP). □ 

Theorem 5.3. Let f be an entire quasiregular map of transcendental type which 
is locally Lipschitz continuous. Then dim 07 (x) > for all x G W^\E{f). 
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Proof. For functions not having the pits effect, the proof can be carried out in 
exactly the same way as the proof of Theorem ll.9[ using part (i) of Lemma 12.91 
instead of part (ii). 

For functions with pits effect we proceed as in section |4] to obtain subsets 
Vi, . . . ,Vl of B{0, M) with disjoint closures such that G: Vj ^ 5(0, M) is proper 
for 1 < j < L, where G = Qm '^^ conjugate to / by the map x y-^ RmX- By 
hypothesis, there exists A > such that 

< \\x-y\ for x,y e B{0,M). 

Lemma 12.91 (i) , now yields 

logL 



' ~ log A 



for all X G B{0,M). It follows that dimOj{x) > for all x G B{0,MRm), and 
as Rm oo this holds for all a; G M". □ 

Proof of Theorem \l.b\ and Theorem \l.l\ The conclusions (i)-(iv) of Theorem II. 61 
follow immediately from Theorem 15. 3^ Lemma 12.121 and Theorem 15.11 To prove 
conclusion (v) and Theorem 11.71 let j9 G N. Since is also locally Lipschitz 
continuous we have J(/^) = Ojp(x) for all x G J{f^)\E{f'P) by (ii). Note here 
that J{fP)\E{fP) ^ since cardJ(/P) = cx) by Theorem O while E{fP) is 
finite. Thus dim J{fP) > by Theorem 15.31 This proves Theorem 11.71 More- 
over, together with Lemma 12.121 this yields cap J(/^) > 0. Conclusion (v) of 
Theorem 11.61 now follows from Theorem 15.21 □ 

Proof of Theorem \1.8\ . The conclusions (i)-(iv) are immediate consequences of 
Theorems I1.9l and l5.1[ In order to prove (v), let p G M and put C = M(l, /^~^). 
Since / does not have the pits effect we see that if G N, then there exist c > 1 
and e > such that for arbitrarily large R the set 

{x : R<\x\ < cR, \f{x)\ < 1} 

cannot be covered by balls of radius eR. This implies that 

{x : R<\x\ < cR, \fP{x)\ < C} 

cannot be covered by such balls. Thus g{x) := fP{Cx)/C does not have 
the pits effect. By Corollary 11.11 we have cap J{g) > 0. Since and g are 
conjugate this implies that cap J{fP) > 0. Conclusion (v) now follows from 
Theorem 15. 2[ □ 

Remark 5.1 . In the above proof, instead of passing from to g we could also have 
used Theorem 18.11 which implies that the inequality |/(x)| < 1 in the definition 
of the pits effect can be replaced by |/(a;)| < C for any positive constant C. 

The following result will be used to prove Theorem 11.101 

Theorem 5.4. Let f be an entire quasiregular map of transcendental type. If 
X G W^\E{f) and the local index is hounded on Oj{x), then capOj{x) > 0. 
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Proof. Let x G M"'\i?(/) and suppose that the local index i{y, f) is bounded on 
Oj{x). By Theorem 11.91 we may assume that / has the pits effect. Proceeding 
as in section m we find a subset U C 5(0, M) such that G: U ^ 5(0, M) is 
a proper map of degree D, where G{y) = gm{y) = f{Rmy)/Rm for y eU. By 
choosing Rm sufficiently large, we may assume that x G -8(0, MRm) and that 

(5.7) D > Kj{f) max{z{y, f):ye Ojix)}. 

Putting X = OQ^x/Rm), it will suffice to show that capX > 0. 

As in the proof of Theorem 11.91 we can use Lemmas I2.9H2.111 to deduce 
that capX > if each y E X has P pre-images xi,...,xp under G satisfy- 
ing \xi — Xj\ > 6 for i ^ j , where 6 > and P is the least integer greater than 
Ki(f). We suppose that this is not the case. Then there exist 5^ — )■ 0, G X 
and x\, . . . , x%_i G G~^{yk) C X such that 

p-i 

G-\yk)C [jB{x'^,6k). 
i=i 

Passing to a subsequence, we can assume that yu ^ ^ X and — )■ G X 
as — 7- oo. It can then be shown that G'^iyo) C {xi, . . . , xp-i}. However, 
n{U, yo, G) = D and so there must be some j G {1, . . . , P — 1} for which 

i{x,,G)>D/{P-l)>D/Kj{f). 

This leads to a contradiction with (15. 7p since i{xj, G) = i{RmXj, f) and RmXj G 
Oj{x). □ 

Proof of Theorem \l.l(A If the local index is bounded on J(/), then applying 
Theorem |5^ to some x G J{f)\E{f) yields capOj(x) > 0. Thus cap J(/) > 
by complete invariance. Moreover, arguing as in the proof of Theorem 15.11 shows 
that conclusions (ii) and (iv) of Theorem 11.61 hold. 

By the complete invariance of J{f) the local index of is also bounded on 
J(/). Thus, since always J(/^) C J(/), the local index of is bounded on 
J(/P). Hence cap J(/^) > by what we have proved already. Now (v) follows 
from Theorem 15.21 

If the local index is bounded on R", then the conclusion of Theorem 1 1 . 9 1 holds 
by Theorem 15. 4[ The conclusions (i)-(iv) of Theorem 11.61 then follow from The- 
orem 15. 1[ □ 

6. The 2-dimensional case 

Let /: — 7- M" be quasiregular. For = 2, the branch set Bj is a discrete 
subset of Vt. This is in contrast to the situation for n > 3, where the {n — 2)- 
dimensional Hausdorff measure of f{Bf) is positive unless Bf = 0; see |32| 
Proposition HI. 5. 3]. 

If n = 2, the elements of Bf are called critical points. For x E Bf we call 
i{x, /) — 1 the multiplicity of the critical point x. The following result [371 §1-3] 
is known as the Riemann-Hurwitz Formula. 
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Lemma 6.1. Let fii and ^2 be domains in C of connectivity c\ and 02, respec- 
tively. Let f : Qi ^ Q2 be a proper quasiregular map of degree d and denote by r 
the number of critical points of f , counting multiplicity; that is, 

r= 

Then 

(6.1) ci-2 = d(c2-2)+r. 

In [27] it is assumed that / is holomorphic, but the result also holds for quasi- 
regular maps and in fact for ramified coverings [23 p. 68]. We shall only need 
the case that Ci = C2 = 1. Then (16.1 p simplifies to r = c? — 1. 

Proof of Theorem By Theorem 11.81 it suffices to consider functions with 
pits effect. Let / be such a function and let Vi, . . . ,Vl and G be as in section HI 
Thus G : Vj -> i?(0, M) is a proper map of degree Dj and (14. ip holds. Moreover, 
let also W^'^ be as in section HI Thus W^'^ C Vi and G : W'^'^ — )■ V^- is a proper 
map for 1 < i,j < L and 1 < s < tij. We may assume that the Vj and 
W^'^ are connected, as this is the case if \G{c)\ 7^ M and |G^(c)| 7^ M for all 
critical points c of G, and hence can be achieved by perturbing M slightly. By 
the maximum principle, the Vj and W^'^ are in fact simply connected. By the 
Riemann-Hurwitz Formula (Lemma 16. ip . W^'^ contains deg(G: W^'^ Vj) — 1 
critical points, counting multiphcities. 
Let 

Y, = G-\V,)nBiO,M) = [j[jw:'^ 

1 = 1 s = l 

and denote by fij the number of critical points of G in Y^-. Then 



L kj 

j2Y.iMG--w:'^^v,) 

1 = 1 s = l 


-1) 


L Uj 


L 


Y;^j2M^--^s'^Vj)- 




i=l s=l 


1=1 


L 
i=l 





by dO]). Hence 

L L L 

LD-j2J2^^,j = J2f^^^- 

j=i i=i j=i 

Defining L2 and V^,..., V^^ as in section H] we obtain 

L L 

j=l i=l 
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and thus 

(6.2) L2 > Ki{Gf > Kj{G'') 

by dH]). Recall that G^: Vf 5(0, M) is a proper map and V^j C 5(0, M) 
for 1 < j < L2. Similarly as before we can now deduce from (16. 2p . Lemma (2.91 
and Lemma [2.111 that capO^iix) > for all x G B{0,M). This implies that 
capOj{x) > for all x G M^; that is, the conclusion of Theorem 11.91 holds. 
Theorem 15.11 now implies that the conclusions (i)-(iv) of Theorem 11.61 holds. 
Using part (ii) of this theorem we conclude that cap J(/) > 0. 

We may apply this reasoning also to the iterates of /. Thus cap J(/^) > for 
all p G N. Conclusion (v) of Theorem 11.61 now follows from Theorem 15.21 □ 

7. Examples 

Example 7.1. In the iteration theory of transcendental entire functions, much 
attention has been paid to the exponential functions Ex{z) = Xe^. Here we only 
mention a result of Devaney and Krych [TTl p. 50] saying that if < A < 1/e, 
then J{Ex) is the complement of the attracting basin of the attracting fixed 
point of Ex and has the structure of a Cantor bouquet. By definition, this is 
a union of uncountably many pairwise disjoint simple curves connecting finite 
points in C (or M") with infinity. For further results on exponential dynamics 
we refer to a detailed survey by Devaney [lO], as well as papers by Rempe [28] 
and Schleicher [31]. 

Zorich [12] introduced transcendental type quasiregular mappings that are 
3-dimensional analogues of the exponential function. It was shown in [5] that, 
for a suitable choice of parameters, Zorich maps also have attracting fixed points 
whose attracting basins are complements of Cantor bouquets. Moreover, results 
of Karpihska [21j and McMuUen [21] concerning the Cantor bouquets of exponen- 
tial functions were extended to Zorich maps. Here we show that - in analogy to 
the result of Devaney and Krych - these 3-dimensional Cantor bouquets coincide 
with the Julia set as defined in Definition 11.11 

To define a Zorich map, we follow |l1£„ §6.5.4] and consider the square Q = 
[— 1, 1]^ and the upper hemisphere 

U = {x = (xi,X2,X3) G M'^ : |x| = 1, X3 > 0}. 

Let h: Q ^ U he a bi-Lipschitz map, and define 

E: Q xR^R^, E{xi,X2,X3) = e'''h{xi,X2). 

Then E maps the infinite square beam Q x M to the upper half-space. Re- 
peated refiection along sides of square beams and the (xi, a;2)-plane yields a map 
F: — )■ R^. This map E is quasiregular, omits the value and is doubly- 
periodic in the Xi- and a;2-directions. We call a function E defined this way a 
Zorich map and we apply this term also to functions fa given by 



fa-.R^^R^ Ux) = E{x)-{0,0,a). 



ITERATION OF ENTIRE QUASIREGULAR MAPS 25 

For a Zorich map fa as above with parameter a chosen sufficiently large, it 
was proved in [5] that there exists a unique attracting fixed point ^ of fa such 
that the set 

Jo := R\A{0 = {xeR': f^ /> O 
is a Cantor bouquet. As mentioned, we want to show that 

(7.1) J{fa) = Jo. 

By Theorem 11.51 we have J{fa) C Jq so that we only have to prove the reverse 
inclusion. 

We will use the following notation. For r = (ri,r2) G Z^, we put 

P(r) = P(ri,r2) = {(xi,X2) G : \xi - 2ri\ < 1, \x2 - 2r2\ < 1} 

so that P(0, 0) is the interior of Q. For c G M, we denote the half-space 
{{xi,X2,X3) G : > c} by iJ>c, and we define H>c, H^c similarly. Ob- 
serve that fa maps P(ri,r2) x M bijectively onto H^^a if + r2 is even and 
bijectively onto if<_a if ri + r2 is odd. Let S = {(ri,r2) G : ri + r2 is even}. 

In |5j, constants M G M and a G (0, 1) are found such that, for any r E S, 
there exists a branch of the inverse function of fa, 

H>M -> P(r) X (M, cx)) =: r(r), 

that satisfies [H (2.3)] 

(7.2) |A'^(x)-A^(y)|<a|a;-y| for x,y E H>m. 

This estimate leads to the following uniform expansion property of on K^{H>m)- 
Lemma 7.1. If x E A^{H^m) for some r E S and if R> 0, then 

fa (Bix, R) n H^m) 3 B (/,(x), a-'R) n i/>M. 
Proof Take y G 5 (/a(x), a-^i?) n H>m. Then by (ESD 

\x - A'iy)\ = lA'ifaix)) - A'iy)\ < a|/.(x) - y\ < R. 
Hence A^iy) E B{x, R) n T(r) and so y = /a(A^ (y)) G /,(5(a;, i?) n if>M). □ 
We shall also require the fact that O p. 608] 

(7.3) JocUnO- 

res 

We are now ready to establish (17. ip by showing that Jq C J {fa)- To this end, 
take Xq E Jq and let f/ be a neighbourhood of Xq. Write Xk = {x^^i, Xk,2, Xk^s) '■ = 
fa{xo) and note that Xk E UrGS-^('^) H>m, for all A; > 0, due to fl7.3p and the 
complete invariance of Jq. It follows that we may repeatedly apply Lemma [7.11 
to obtain a sequence — )■ oo such that 

f^{U)DB{xk,Rk)nH^M. 

Provided that k is large, we can find {pk,i,Pk,2) G such that the set 

Vk = {(1/1,1/2) G : \yi - 2pk,i\ < 2, \y2 - 2pk,2\ < 2} x [xk,3,Xk,3 + Rk/2] 

is contained in B{xk, Rk) H H>m- Note that fa maps onto the shell 

Ak = {yER? : e"^'^ < |y + (0, 0, a)| < e^'=-^+-^'=/2} 
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and therefore we have that Ak C fa^^iP). Since Xk,z > M and Rk oo, it is 
not difficult to see that for large k we can find {qk,i,(lk,2) € and tk > such 
that tk ^ oo and 

{(2/1,2/2,^3) eR^ : \yi-2qk,i\ < 2,\y2 - 2qk,2\ < 2, I2/3I < 4} C Afc. 

By considering the image of this set, we now deduce that 

{yeR': e-*^ < I2/+ (0,0,a)| < e*^} C C f^^\U). 

This implies that Oj^{U) = M'^\{(0, 0, —a)} and thus xq G J{fa), completing the 
proof of (17. ip . 

Example 7.2. Quasiregular mappings of M" that can be seen as analogues of the 
trigonometric functions were constructed in [8j as follows. Write x = (xi, . . . , x„) 
for points in M". Let F be a bi-Lipschitz map from the half-cube [—1, 1]"^^ x [0, 1] 
to the upper half-ball 

{a; G M" : |x| < l,a;„ > 0} 
which maps the face [— 1, l]'*^^ x {1} onto the hemisphere 

{x G M" : |x| = l,Xn> 0}. 

Extend F to a mapping F: [—1, 1]""^ x [0, 00) — {x G M*^ : x„ > 0} by 

F{x) = e^'^-^Fixi, Xn-i, 1), for s„ > 1. 

Then F bijectively maps a half-infinite square beam onto the upper half-space. 
Using repeated reflections in hyperplanes, F is extended to give a quasiregular 
self- map of M"; see p] for more details. This construction quickly leads to the 
fact that, for large enough A > 0, the map / := XF is locally uniformly expand- 
ing. Choosing F so that it fixes the origin, and taking A sufficiently large, this 
expansion property was used in [TS] to prove that Oj{U) = M" for all non-empty 
open subsets U C M". Thus J(/) = M". Furthermore, the periodic points of / 
were shown to form a dense subset of M". 

Example 7.3. Define g: C — t- C by g{z) = z + 1 + and, for a large positive 
constant M, let 

{g{z) if Re z < M or Re z > 2M, 

giz) + (1 + e-') sin if M < Re z < 2M. 

It is easy to see that / is quasiregular of transcendental type if M is large. In 
fact, K{f) 1 as M ^ 00. 

The function g is a. classical example considered by Fatou fT5^, Exemple I] who 
showed that with the right half-plane if = {z : Rez > 0} we have g{H) C H and 
g'^ln — )■ 00 as /c — )■ 00. We also have f{H) C H which implies that J(/) HH = 0. 
With ^ = 3M/2, we have f{^) = ^ and f{x) > x for x > ^. Thus /^(x) 00 
as A; — > 00 for X > ^. We conclude that (^, 00) C /(/), while ^ G BO{f ). Hence 

^e{dBO{f)ndl{f))\J{f). 
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Example 7.4. The quasiregular map /: C — ?■ C constructed in [271 §4] is of 

transcendental type and has the following properties. 

The upper half-plane if+ = {2; : Im^; > 0} is mapped into itself by / and 
hence J(/) n if+ = 0. There is a sequence of domains {Wk)kez with closures in 
such that f(Wk) = Wk+i and f{z) = z/2 on each Wk- Therefore, the iterates 
of / converge to on Wk and so Wk C BO{f) for k E Z. In contrast, all points 
of if+ that are not contained in some Wk escape to infinity under iteration; that 

is, 

H^\[jWkCl{f). 

It can then be shown that dWk C {dBO{f) n dI{f))\J{f) for each k e Z. 

Example 7.5. Let 5 > 0, define g: [0, 3] ^ M by 

if < r < 1, 
if 1 < r < 2, 
if 2 < r < 3, 

if \z\ < 3, 
if 3 < 1^1 < 4, 
if 4 < 1^1, 

(cf. ^ Example 5.3]). If 6 is small enough then / is quasiregular of transcendental 
type, and in fact K{f) — ^ 1 as 5 — )■ 0. 

The function / has an attracting fixed point at and it is easily seen that 
5(0,2) C A{0) and ^(0,2) C dA{0). On the other hand, /(5(0,3)) = 5(0,3) 
and thus S{0,2) n J(/) = 0. We conclude that dA{0) ^ J(/). 

8. Some consequences of Harnack's inequality 

We show that in the condition |/(a;)| < 1 appearing in the definition of the 
pits effect (Definition II. ip the constant 1 can be replaced by any other positive 
constant. In fact, we have the following result. 

Theorem 8.1. Let /: R" — )■ M" be a quasiregular map of transcendental type 
having the pits effect and let a > 1. Then there exists N & N such that for all 
a > 1, all c > 1 and all e > there exists Ro such that if R > Ro, then 

{x eW" : R<\x\ < cR, \f{x)\ < i?"} 

can be covered by N balls of radius eR. 

The following result is known as Harnack's inequality; see [321 Theorem VI. 7.4, 
Corollary VI.2.8]. 

Lemma 8.1. For K > 1 and n > 2 there exists a constant 6 > 1 such that if 
f : B"'{a,2r) — is K -quasiregular and |/(a;)| > 1 for all x G B"'{a,2r), then 

sup log|/(x)|<6' inf log|/(a;)|. 

xGB"{a,r) x&B"{a,r) 




9[r) 



and define / : C — C by 

f{z) = {z + 6{\z\-3)e' 
z + 5e^ 
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A simple consequence is the following result. 

Lemma 8.2. Let Vt C M" he a domain, C a compact subset of Q and K > 1. 
Then there exists f3 > 1 such that if f: i7 — > M" is K-quasiregular and > 1 

for all X eVL, then 

maxlog < /3minlog |/(a;)|. 

Proof of Theorem \8.1[ Let be as in Definition 11.21 (i.e., the definition of the 
pits effect) and let c, a > 1 and e > 0. Suppose that the conclusion is false. 
Then there exists a sequence {Rm) tending to infinity such that 

(8.1) {xeW:R^< \x\ < cR^, |/(x)| < R^} 

cannot be covered by balls of radius eRm- With hm{x) = f{Rmx) as in (13. ip 
this means that 

{x e M" : 1 < |x| < c, \hm{x)\ < R'^} 

cannot be covered by A^ balls of radius e. On the other hand, for any 6 > there 
exists Ro such that if i? > Rq, then {x e : R/2 < \x\ < 2cR, \f{x)\ < 1} can 
be covered by A^ balls of radius SR. In terms of hm this means that if Rm > Ro, 
then {x G M" : 1/2 < \x\ < 2c, |/im(x)| < 1} can be covered by A^ balls of 
radius 6, say 

r 1 ^ ^ 

|x e : - < |x| < 2c, \hm{x)\ < l| C |j5(x™,„5). 

We may assume that (x^jOmeN converges for all j G {1, . . . , A^}, say x^j — ^ Xj 
as m — 7- oo. Then 

1 ^ ^ 



X G M" : - < |x| < 2c, \hmix)\ 



<l| c\jBix„25) 
J i=i 



for large m. We would like to apply Lemma [8.21 to 

N 



= |x G : - < |x| < 2c| \ [J B{xj, 25) 
y J ,=1 



and the subset 



N 

C = {x G : 1 < |x| < c} \ IJ B{xj, 5N6). 

i=i 

However, the set Q defined this way need not be connected. But choosing S 
sufficiently small we can achieve that there exists t G [l,c] such that the sphere 
S{0,t) is contained in C while all components of Q that do not contain S{0,t) 
have diameter less than ANS. Let Q' be the component of Q containing S{0,t). 
Then C is a compact subset of Q' and thus Lemma 18.21 can be applied to Q' 
and C. We obtain 

(3mm\og\hmix)\ > max log | /i.^ (x) | > log M{t, km) = log M{Rmt, f). 
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Lemma 12.41 yields 

mill log \hrn{x)\> a log Rm 
for large m, which means that 

N 

\f{x)\ > < for Rm < \x\ < cRm, x^[j B{RmX„ 5N6Rm). 

As we may assume that 5N6 < e, we see that the set given by (18.11) can be 
covered by N balls of radius eRm- This is a contradiction. □ 

Remark 8.1. At the beginning of section H] we remarked that the functions Qm 
defined by (13.21) form a quasinormal family if / has the pits effect. In order to 
see this, we note that by Theorem 18.11 we can cover 

{x G : i?„ < \x\ < cRm, \f{x)\ < R^} 

by balls of radius eRm, provided m is large. Similarly, we can cover 

{x G M" : Rjc < \x\ < Rm, \f{x)\ < R'^^/d'} 

by A^ such balls. Choosing c = 1/e we can thus cover 

5(0, l/£)\ {a: G M" : |^7™(x)| 

by 2A^ + 1 balls of radius e, provided m is large. As this holds for every e > 0, 
and since a > 1, we easily see that every subsequence of {gm) has a subsequence 
which converges to oo in W^\E for some set E of cardinality at most 2A^ + 1. 
Thus {gm) is quasinormal. 

References 

[1] I. N. Baker, The domains of normality of an entire function. Ann. Acad. Sci. Fenn. (Ser. 

A, I. Math.) 1 (1975), 277-283. 
[2] Walter Bergweiler, Iteration of meromorphic functions. Bull. Amer. Math. Soc. (N. S.) 29 

(1993), 151-188. 

[3] Walter Bergweiler, Fixed points of composite entire and quasiregular maps. Ann. Acad. 

Sci. Fenn. Math. 31 (2006), 523-540. 
[4] Walter Bergweiler, Iteration of quasiregular mappings. Comput. Methods Funct. Theory 

10 (2010), 455-481. 

[5] Walter Bergweiler, Karpinska's paradox in dimension 3. Duke Math. J. 154 (2010), 599- 
630. 

[6] Walter Bergweiler, On the set where the iterates of an entire function are bounded. Proc. 
Amer. Math. Soc. 140 (2012), 847-853. 

[7] Walter Bergweiler, Fatou- Julia theory for non-uniformly quasiregular maps. Ergodic The- 
ory Dynam. Systems. Available on CJO doi:10.1017/S0143385711000915. 

[8] Walter Bergweiler and Alexandre Eremenko, Dynamics of a higher dimensional analogue 
of the trigonometric functions. Ann. Acad. Sci. Fenn. Math. 36 (2011), 165-175. 

[9] Walter Bergweiler, Alastair Fletcher, Jim Langley and Janis Meyer, The escaping set of 
a quasiregular mapping. Proc. Amer. Math. Soc. 137 (2009), 641-651. 
[10] Robert L. Devaney, Complex exponential dynamics. In ^'Handbook of Dynamical Systems, 

Vol. 3", Elsevier, Amsterdam, 2010, 125-224. 
[11] Robert L. Devaney and Michail Krych, Dynamics of exp(z). Ergodic Theory Dynam. Sys- 
tems 4 (1984), 35-52. 



30 WALTER BERGWEILER AND DANIEL A. NICKS 

[12] A. E. Eremenko, On the iteration of entire functions. In ''^Dynamical Systems and Ergodic 
Theory" . Banach Center Publications 23. Polish Scientific Publishers, Warsaw, 1989, 339- 
345. 

[13] Alexandre Eremenko and lossif Ostrovskii, On the 'pits effect' of Littlewood and Offord. 

Bull. Lond. Math. Soc. 39 (2007), 929-939. 
[14] P. Fatou, Sur les equations fonctionelles. Bull. Soc. Math. France 47 (1919), 161-271; 48 

(1920), 33-94, 208-314. 

[15] P. Fatou, Sur I'iteration des fonctions transcendantes entieres. Acta Math. 47 (1926), 337- 
360. 

[16] Alastair Fletcher and Daniel A. Nicks, Quasiregular dynamics on the rt-sphere. Ergodic 
Theory Dynam. Systems 31 (2011), 23-31. 

[17] Alastair Fletcher and Daniel A. Nicks, Julia sets of uniformly quasiregular mappings are 
uniformly perfect. Math. Proc. Cambridge Philos. Soc. 151 (2011), 541-550. 

[18] Alastair Fletcher and Daniel A. Nicks, Chaotic dynamics of a quasiregular sine mapping. 
Preprint, larXiv:1208.3585l 

[19] Tadeusz Iwaniec and Gaven J. Martin, Geometric Function Theory and Non-linear Anal- 
ysis. Oxford Mathematical Monographs. Oxford University Press, New York, 2001. 

[20] G. Juha, Sur I'iteration des fonctions rationelles. J. Math. Pures Appl. (7) 4 (1918), 47- 
245. 

[21] Boguslawa Karpihska, Hausdorff dimension of the hairs without endpoints for Aexpz. 

C. R. Acad. Sci. Pans Ser. I Math. 328 (1999), 1039-1044. 
[22] J. E. Littlewood and A. C. Offord, On the distribution of zeros and a-values of a random 

integral function. II. Ann. of Math. (2) 49 (1948) 885-952; errata 50 (1949), 990-991. 
[23] P. Mattila and S. Rickman, Averages of the counting function of a quasiregular mapping. 

Acta Math. 143 (1979), 273-305. 
[24] Curt McMuUen, Area and Hausdorff dimension of Julia sets of entire functions. Trans. 

Amer. Math. Soc. 300 (1987), 329-342. 
[25] John Milnor, Dynamics in One Complex Variable. Third edition. Annals of Mathematics 

Studies 160. Princeton University Press, Princeton, NJ, 2006. 
[26] Ruth Miniowitz, Normal families of quasimeromorphic mappings. Proc. Amer. Math. Soc. 

84 (1982), 35-43. 

[27] Daniel A. Nicks, Wandering domains in quasiregular dynamics. Proc. Amer. Math. Soc, 
posted on September 19, 2012, PII S 0002-9939(2012)11625-9 (to appear in print). 

[28] Lasse Rempe, Topological dynamics of exponential maps on their escaping sets. Ergodic 
Theory Dynam. Systems 26 (2006), 1939-1975. 

[29] Yu. G. Reshetnyak, Space Mappings with Bounded Distortion. Translations of Mathe- 
matical Monographs 73. Amer. Math. Soc, Providence, RI, 1989. 

[30] Seppo Rickman, On the number of omitted values of entire quasiregular mappings. J. Anal- 
yse Math. 37 (1980), 100-117. 

[31] Seppo Rickman, The analogue of Picard's theorem for quasiregular mappings in dimension 
three. Acta Math. 154 (1985), 195-242. 

[32] Seppo Rickman, Quasiregular Mappings. Ergebnisse der Mathematik und ihrer Grenz- 
gebiete (3) 26. Springer- Verlag, Berlin, 1993. 

[33] P. J. Rippon and G. M. Stallard, Iteration of a class of hyperbolic meromorphic functions. 
Proc. Amer. Math. Soc. 127 (1999), 3251-3258. 

[34] Dierk Schleicher, Attracting dynamics of exponential maps. Ann. Acad. Sci. Fenn. Math. 
28 (2003), 3-34. 

[35] Heike Siebert, Fixpunkte und normale Familien quasireguldrer Abbildungen. Dissertation, 

University of Kiel, 2004; http://e-diss.uni-kiel.de/diss_1260, 
[36] Heike Siebert, Fixed points and normal families of quasiregular mappings. J. Anal. Math. 

98 (2006), 145-168. 

[37] Norbert Steinmetz, Rational Iteration. De Gruyter Studies in Mathematics 16. Walter de 
Gruyter & Co., Berlin 1993. 



ITERATION OF ENTIRE QUASIREGULAR MAPS 



31 



[38] Daochun Sun and Lo Yang, Quasirational dynamical systems (Chinese). Chinese Ann. 

Math. Ser. A 20 (1999), 673-684. 
[39] Daochun Sun and Lo Yang, Quasirational dynamic system. Chinese Science Bull. 45 

(2000), 1277-1279. 

[40] Daochun Sun and Lo Yang, Iteration of quasi-rational mapping. Progr. Natur. Sci. (Eng- 
lish Ed.) 11 (2001), 16-25. 

[41] Hans Wallin, Metrical characterization of conformal capacity zero. J. Math. Anal. Appl. 
58 (1977), 298-311. 

[42] V. A. Zorich, A theorem of M. A. Lavrent'ev on quasiconformal space maps. Math. USSR 
Sb. 3 (1967), 389-403; Transl. of Mat. Sb. (N.S.) 74 (1967), 417-433 (in Russian). 

Mathematisches Seminar, Christian-Albrechts-Universitat zu Kiel, Ludewig- 
Meyn-Str. 4, D-24098 Kiel, Germany 

E-mail address: bergweiler@math.uni-kiel.de 

School of Mathematical Sciences, University of Nottingham, Nottingham 
NG7 2RD, UK 

E-mail address: Dan.Nicks@nottinghain.ac.uk 



